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Abstract. 'We derive the current algebra of supersymmetric principal chiral models with a
Wess-Zumino term. At the critical point one obtains two commuting super-affine Lie algebras
as expected, but, in general, there are intertwining fields connecting both right and left sectors,
analogously to the bosonic case. Moreover, in the present supersymmetric extension we have
a quadratic algebra, rather than an affine Lie algebra, due to the mixing between bosonic and
fermionic fields; the purely fermionic sector displays an affine Lie algebra as well.

Since the discovery of higher conservation laws for integrable models, algebraic methods
have been frequently advocated in order to display the structure of the dynamics of field
theory., Higher conserved charges imply non-trivial constraints for correlation functions,
and one often finds such a strong algebraic machinery that a calculable S-matrix turns out
to be a consequence. In the case of conformally invariant field theory, the Virasoro (and
Kac-Moody) constraints fix all correlation functions.

Current algebra for integrable nonlinear sigma models were, up to very recently [1]
largely unknown. Nevertheless, the Yang-Baxter relations are the best tools for exploring
non-perturbative properties of integrable models [2]. The starting point of the formulation
is, very generally, the consideration of the Poisson brackets between the spatial part of the
Lax pair, leading to a Lie~Poisson algebra containing an antisymmetric numerical r-matrix
which obeys the Yang-Baxter relation. The Yang—Baxter relation leads to an {(almost) unique
S-matrix of the theory [5~7, 17]. On the other hand, an algebraic strategy has also been
effectively and successfully used in the case of 2D conformally invariant theories, in order
to compute correlation functions 8], as well as in the case of two-dimensional gravity in
the light-cone gauge [9].

Recently, the nonlinear o-model with a Wess-—Zumino term has been studied in this
context [10]. The current, which corresponds to a piece of the Lax pair of the model [11],
is shown to fulfill a new affine algebra. Such algebras have played an important role in
several cases in field theory (see [12] and [13]). The hope is that after quantization we could
be able to address the problem of computing exact Green functions, by means of higher
conserved currents. Moreover, the results have been used in order to obtain the algebra of
non-local charges [3]. As it turns out, the algebra is an extension of the affine Lie algebra,
including cubic terms. Similar structures have appeared in the literature [4]. We expect to
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obtain similar structure in the supersymmetric case, where the S-matrix is known to be an
extension of the purely bosonic counterpart, if not even simpler. With this aim, we study
the current algebra in the supersymmetric sigma models.

In the present paper we consider the supersymmetric Wess—Zumino-Witten model
[14, 15], which is defined by the action

1 - n ! _ _ _
Ssuny(8 ¥) = 73 [dzx tra*g=lo,g + —f dr fdz,r e trg18,08 0,8 87 00g;

N 2 - _ RA.Z 2 i =lan
+4l2 tr]d {v,tnaw ( (417) )(WW) +14 gl kg sy
(1}

obtained from the superfield G (x, 8) = g(x) + 8y (x) + $60 F(x), satisfying the constraint
Gl(x,8)G(x,8) = 1, after integrating over the Grassman variable 8 (see [14] for details,
but noticing change in conventions see below and [17]).

The second term in the right-hand side of (1) is the so-called Wess—Zumino term and
only depends linearly on the time derivative of the field g. Hence it proves useful to rewrite

it in terms of A(g), introduced in order to permit the canonical guantization of the theory
[16, 17], being defined in such a way that

1
f dr f &xe g B, g 87 ugr 8 Bty = f d*x tr A(g)dog 2)

0

and
34,  8Au a1

=4 “oen . 3
g dgn 1838’ — &l gl @
We shall use the following notation: & = na?/dm, g% =1, y0 = ( ") (,0 ’)

and y¥ = %', When @ = £1 we have a super conformally invariant theory. Canomcal
quantization is straightforward, on account of {10, 16, 17]; we have the following canonically
conjugated momenta:

° 8L 3 0,

n:’j = 3(3ogi_,) = kz gﬂ A]!(g)-’- 4A2wjky kagmg (4)
and
aLr i
¥ = —Jn t
Hfj a(aDWU) Q’WJ!}’O 4}'21# ji (S)

where the first term in the right-hand side of (4) is the momentum canonically conjugated
to the field g, in the principal chiral model only

I = —303,, ()
with the following Poisson algebra:
{8 (x), ga(M} =0 {1 (x), 0,0} = 0
{8y (%), TIE ()} = 8udjué(x — 31) {¥hi;(x), E!'fka(Jf)h =0 (7
(T (), (ke = 0 W), (s = 8ududx — 1) .

However, as we have already mentioned this model has been obtained via a superfield
formulation where we have imposed the constraint

Glix, G (x,0) =1 (8)
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which leads, for the fermion component, to the relation
¥l =i Yug;' . @)
In the phase space we have the constraint
i _ _
S = n}t; + 4_/{58,',,11 Wngkg] (10}

which must be implemented using the Dirac method [18]. The basic element of the method
is the dirac matrix

0 = {200, Qu(»)} = Ei-ggt-;g*k,s(xl — ) (1
satisfying
f A2{8247 (), Don (O Hon (), QO™ = Baeiu(x — y1) . (12)

From ¢ we can obtain the Dirac brackets {(notice that as we have {gi;(x}, @ ()} = 0 the
Dirac bracket of g;; with any other field is the Poisson bracket itself). Writing (4) for the

field l'Ig instead of the feld I'[i,, they read
{gyx). gum}, = {8 %), Y (M} =0
8ij (%), HHCYJ} {8 (), TIE (Do = Sudud (3 — y1)

fl

I5,(x), v} = —%{&::[gjm‘/’mt—agfmysh’fm:]+5;:[kag,f,,i+d¢kasg;§,;]}5(x1 - )

{

{ (x) Hk[(y)}p {% - 2)[8_;;;“ Hbmugn; g},‘nﬁﬂkmnglk]“i‘%ﬁa,x‘k}a(xt_,VI)
{

{105, (0, T}, %{g,,nkﬁn,,gjk [T vsge — glws T ] oCer — 1) (13)

{¥y(x), Yuilo = 8(x1 — y1)
{er(x) Hk;(y)}p 18*3_,13(1?1 =)

{nl'j('x)s Hkl(:"‘)}D == 8_},'58’“8-’*6( 1 yl)

where
Fi = (g (gl () — ghx)elY (o).

We are now ready to study the relevant algebraic properties of the supersymmetric Wzw
theory. In analogy with the bosonic case [10], we consider the conserved Noether currents,
which in the supersymmetric case are given by

1 . .
JE . = - w{dFo)[2eh =N + 30 £yy'alex) (14

and

Jia(x>————tr{(1ia)[( ~(gh 7 (g")g + 3wt 2 v e} ). (15)

Here we introduced the notation with the indices of a ba51s t, of the Lie algebra G
where the fields g are defined, with the structure constants f7°, defined as

[fas th] = uj; I
and any field JRo is defined as
JRorL (le:a z.lforl_.) = —1ir (Ji{orLta) )
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In addition, it is important in the case of theories containing fermions to introduce the
fermionic currents,

iR, () = = 1L F Y )00 a6
and
ik (0 = - el U F YL, an

Since we know, from the case of the study of supersymmetric non-local charges, that the
above purely fermionic objects do also show up independently [17, 19, 20] of the currents
[12]. Moreover, there are also intertwining operators already in the bosonic case [10, 1],
which are described by the fields

. I
Jan(x) = 73 trlgltagts}(o). (18)
In the case of supersymmetric theories we also have the fermionic partner

4R i )

g o) = o5 0le’ L tegn]@) (19)
and

L 1 .

3% @) = 33 tlgh gik 1)) 20

We shall see that after coupling bosons with fermions, an infinite number of fields will
be present, as a consequence of a quadratic algebra, which is absent in the purely bosonic,
as well as in the purely fermionic models. We introduce

KE pe®) = —Ilg wrlgtailtgte1(x) @n
K ope(%) = ~}-ng trlgtagniftc] (x) (22)
Y abea ) = % trlg'tagtog! iLtcgtal(x) (23)
Vs wbea®) = % wlglrgtgitaizial(x). (24)

We are now in position to write down the fult algebra. The purely right sector is very
simple. For the purely left sector one substitutes (R — L) and &« — —«. We have

(L, 8,0} = S0 Fa 5BVl -1 Faif,
2
+1”2—(1 Fo)l(3 k20 —a”)if | — 5 F 20 +0?)f N6 — )
£2(1 F )08’ (x1 — 31) (25)

(JE, 00, JF 0 = =3 £t = e)™JT + (k@R

YL
~(1 -Ot“)z?[z‘flc+z§_c}}5(x1 - ) (26)
S, ) I8, 00 = =3 F ) £5i] 800 — 1) 2n
(] L0, I3 00 = 30 £ £G5S — ») (28)
1
{5 )ik, (0 = 5 fipis S0x = ) 29

A
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{5 () iz (N} =0 (30)

where

1
Nep = (las tp) = = ttaty) .

Notice that the intertwining operators did not appear at all up to this point, the mixed
sector is more involved. We have

{92 00, 75 )} = £ — D[ £ @) jap () + (1 F ) jus(3)]8' 1 — 31)
AZ
—(1 _0_,2)?[(1 — (L = I = )
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(i 0, 7k, 0} = 40 = 0D %5, = YL 50 = 0 (33)
R L _1 Lyl R

A =B - @ a
i 00, L, 00} = $a F B F L, - 15, |80 — ) (34)
L R _ 1 2 f .yl R .

.a + - q a
ik 0. IR 00} = =301 - B Y5, — 15, 0G0 — ) (35)
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1

(i 00k, 00} = 5575y = ¥R JP01 = 30) 37
{if ik () =0. (38)

We see now in (31) and (32) the explicit appearance of the bosonic intertwiners as
well as the fermionic one in (31)-(37). Notice also the simplicity of the purely fermionic
components brackets. In the critical case, ¢ — -+1 we see that a whole sector decouples
completely, the same being true for ¢ — —1. We have in that case a super-affine algebra,
as expected, and the model is completely soluble. In fact, the conserved charges can be used
in order to provide a complete solution of the Green functions, the only missing ingredient
with respect to our computation being the super-Virasoro generators. We finally write down
the part of the algebra involving the intertwiners. We have

{lef:'la(x)v ch()’)} —(1=x ﬂf)f Cjbda(xl — )’1) (39)
{42 ) o)} = =(1 F &) fipJacd(x1 = y1) 40)
jab(x)vjcd(J’)} =0 (41)

{
{Jas(x),iZ (D} =0 (42)
{jab(x), ii.c(y)} =0 (43)

fap0), Y5 0} =0 (44)
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where

(J iab) 4 %(g‘f;iragrf,) ( i Q)a, ;\'i(g iStatsg),,

(Kiam)y = —(euilnge),  (KSu)y = —mslenibia),

(J“’Eab) = ';_z“(thagiiIb),-j (j“’i@)fj = %(g*tarbgt";),,-

: , I .
(Kizm); = —yzle'ugnile);  (Kigly = —7(e'tteniy), -

It is clear now that the algebra is quadratic. Therefore, a new structure arises in the case
of supersymmetric theories involving the WZW term. Indeed, integrability of the bosonic
model [11, 21] does not arise in the same manner in the supersymetric case [14]. However, it
is certainly true that for o = ( the theory must be integrable. Indeed, there is a considerable
simplification, but the algebra obtained is still quadratic. If the algebra of non-local charges
should follow the pattern of the purely bosonic case, the quadratic algebra thus obtained
must be severely constrained.



Current algebra of super WINW models 4715

Acknowledgments

The authors wish to thank Professor Michael Forger for several discussions and an initial
collaboration, as well as partial support of FAPESP.

References

(1]
[21
[3]
(4]

i5]
)
[

(8]
(91

[10]
[11]
[t2]
[13]

[14]
(15]
[16]
{171
[18]
(19]

(20
[21]

Forger M, Laartz I and Schiper U 1992 Commun. Math. Phys. 146 397

Faddeev L 1) and Takhtajan L A 1987 Hamiltonian Methods in the Theory of Solitons (Berlin; Springer)

Abdalla E, Abdalla M C B, Brunelli J C and Zadra A 1993 [FUSP preprint hepth 9306071

Drinfeld V G 1985 Sov. Math. Dokl. 32 254

Bernard D 1991 Commun. Math. Phys. 137 208

MacKay N | 1992 Phys. Less. 281B 90

Zamolodchikov A B and Zamolodchikav Al B 1979 Ann. Phys. 120 253, 1978 Nucl. Phys. B 133 525

de Vega H J, Eichenherr H and Maillet ] M 1984 Commun. Math. Phys. 92 507

de Vega H I, Eichenherr H and Maillet F M 1984 Nucl, Phys. B 240 377; 1983 Phys. Lert. 132B 337

Eichenherr H. dz Vega H J and Maillet ] M 1984 Proc. Meudon and Paris VI 83/84 171

Marllet J M 1985 Phys. Letr. 162B 137; 1986 Phys. Lent. 167B 401, 1988 Nucl. Phys. B 269 54

Belavin A A, Polyakov A M and Zamolodchikov A B 1984 Nucl, Phys. B 241 333

Polyakov A M 1987 Mod. Phys. Lert. A 2 893

Kaizhnik V G, Polyakov A M and Zamoladchikov A B 1988 Mod. Phys. Lext. A 3 819

Abdalia E, Abdalla M C B and Zadra A 1989 Mod, Phys. Letr. A 4 849

Abdalia E and Forger M 1992 Mod. Phys. Lent. A 7 2437-47

Abdalla M C B 1985 Phys, Lerz. 152B 215

Bardakei K and Halpern M B 1971 Phys. Rev. D 3 2493

Lepowsky J, Mandelstam S and Singer I M {eds)y 1983 Vertex Operators in Mathematics and Physics,
Praoceedings (Berlin: Springer)

Abdalla E and Abdalla M C B 1985 Phys. Lei, 152B 59

di Vecchia P, Knizhnik V G, Petersen J L and Rossi P 1985 Nucl Phys. B 253 701

Abdalla E and Rothe K 1987 Phys. Rev. D 36 3170

Abdalla E, Abdalla M C B and Rothe K 1991 Non-perturbative Methods in Two Dimensional Quantum Field
Theory (Singapore: World Scientific)

Dirac P A M 1964 Lectures on Quantum Mechanics Belfer Graduate School of Science, Yeshiva University;
1950 Can. J. Math, 2 120; 1958 Proc. R. Soc. 1246 326

Curtright T L and Zachos C 1981 Phys. Rev. D 24 2661; 1984 Phys. Rev, Letr. 53 1799

Braaten B, Curtright T and Zachos C 1985 NucL Phys. B 260 630

Abdalla E and Forger M 1986 Commun. Math. Phys. 104 123

de Vega H J 1979 Phys. Letr. 87B 233



